In this paper, we introduce a three-dimensional mathematical model of collagen contraction with microbuckling based on the two-dimensional model in [1] . The model both qualitatively and quantitatively replicates experimental data including lattice contraction over a time course of 40 hours for lattices with various cell densities, cell density profiles within contracted lattices, radial cut angles in lattices, and cell force propagation within a lattice. The importance of the model lattice formation and the crucial nature of its connectivity are discussed including differences with models which do not include microbuckling. The model suggests that most cells within contracting lattices are engaged in directed motion.
I. INTRODUCTION
Fibroblast populated collagen lattices have been widely studied since first introduced by Bell et. al. [2] with the aim of better understanding cell extracellular matrix interactions and wound contraction. The contraction of the lattice is an irreversible cell mediated process. In the first 48 hours, remodeling of the matrix is mainly mechanical and there is little cell proliferation [3, 4] , extracellular degredation (although matrix metalloproteinases appear to play a role in contraction via cell dynamics) [5] , or extracellular matrix production [6] . There are three proposed mechanisms responsible for the contraction of the collagen lattice in the first 24-48 hours: cell elongation, tractional forces due to cell locomotion, and cell contraction [7] .
Previous models related to our work can be divided into two categories. The first category is models of collagen and fibrous structures [8, 9] . These models use discrete formations of the the fibrous structure and are most closely related to the work here. In Wyart et. al. the authors, while not modeling collagen lattices, use two-dimensional random networks of springs to model fibrous networks and numerically derive material properties of the models. One of the model parameters which they investigate, which is pertinent to our study, is the average coordination number. It is defined to be z = 2Nc N where N c is the number of bonds connecting nodes and N is the number of nodes. A system is isostatic or rigid when z = 2d where d is the dimension. They found that systems where z < 2d have a stress-strain relationship with a zero plateau and then a strain-stiffening region. This is commonly found in fibrous networks including collagen lattices [9, 10] . More recently, Sharma et. al. [9] both modeled and measured material properties of collagen gels. In their model, they use a lattice of nodes connected by elastic elements which have a Young's modulus and a bending modulus. The elastic energy of the system is minimized when the system is deformed. The model discussed here does not have a bending modulus; the fibers are elastic ropes or include microbuckling, and cell interactions are included.
The second category is models of cells interacting with fi-brous tissue. These models include models focused on alignment [11] [12] [13] [14] [15] [16] [17] and those concerned with contraction [1, 18, 19] . Of these, some are force based [1, 11, [16] [17] [18] [19] , some are continuum descriptions [11-15, 18, 19] , and some more closely resemble our model by treating the fibrous tissue as a discrete structure and focus on forces [16, 17] . In [16] , the matrix is modeled with springs and torsional forces, whereas in [17] the matrix is modeled with elastic ropes which they call fibers with microbuckling. The model here is more similar to that in [17] but the focus is on lattice contraction and a larger space scale than either of the other two models.
II. MATHEMATICAL MODEL
The model is a three-dimensional extension of one of the two-dimensional models presented in [1] .
A. Model of cell-motion
The equation of motion for the center of mass of the ith cell with K I-sites is given by
where x i represents the velocity of the cell, C is the drag coefficient, and x i is the location in R 3 of the cell center for i = 1, · · · , N . The spring constant α is the same for all cells and all I-sites and, together with the spring rest length , define the forces exerted by the cell. In this paper we will fix the number of I-sites per cell K at 50 and = 0. The Reynolds number is low and therefore, because of the relative magnitudes of the coefficients, the expected acceleration term on the right hand side of the equation is set to zero. For an illustration of how the cell is modeled mathematically see Figure 1 .
The I-sites are constrained to attach to lattice nodes, which are specific locations in R 3 , that change with time (see Section II B). The lattice node locations are denoted by y k , and I-sites from the same cell or other cells can be attached to the same node location. The set of indices p i,1 , p i,2 , · · · , p i,K specify the lattice nodes associated with the I-sites of cell i. If an I-site maintains its connection to a lattice node indefinitely, FIG. 1: This figure illustrates how the cell is modeled mathematically in this paper. We consider a cell as a center of mass with attached springs. The other end of the springs are attached to I-sites which can interact with the extracellular matrix (membrane bound integrin based adhesion sites). In the simulations for this paper K = 50; that is, there are 50 I-sites per cell. Although this figure is presented in the plane, the actual simulations occur in a three-dimensional environment.
the cell reaches an equilibrium position and the velocity of the cell is zero. We therefore require the I-sites to detach from the collagen lattice and reattach. The duration of attachment is taken from a Poisson-like distribution with mean attachment of 60 seconds. Upon detaching the I-site immediately reattaches to a node in the lattice; thus, for all times in our simulation, K attachment sites are maintained.
In a change from earlier work [1] , the determination of the location of the next I-site is dependent on the direction the cell is moving. Specifically the I-site is placed in a cone with vertex angle 4 degrees, in the direction of motion. The exact distance from the center of mass is determined from a uniform distribution between 0 and 115.726. The placement of the Isite is discussed in further detail in Section III C. The I-site then attaches to the closest lattice node. For more information about the I-sites, the reader is referred to a related model discussed in [20] .
B. Collagen lattice
The collagen lattice is modeled by nodes which are connected with elastic ropes to form a network of spring-like connections (see Figure 2) . In [17] they call it microbuckling. To create the collagen lattice, first M nodes are placed in a prescribed domain and a minimal connectivity value M is specified. Then, for each node in the lattice the closest 1.5 × M nodes are selected. From this selection of nodes exactly M nodes are sampled without replacement and are connected to the node. Recall the cell I-sites are constrained to be at lattice nodes.
FIG. 2:
This figure illustrates how the collagen lattice is modeled mathematically. The lattice is defined by nodes with spring-like connections between them. Although this illustration depicts the nodes in a regularly spaced grid and connected to nearest neighbors, the collagen lattices used in our simulation have nodes which are randomly placed and the connections are not restricted to nearest neighbors.
The equation of motion for the lattice node k is
(2) Observe that there are two types of forces acting on lattice nodes. The first (given by the first summation on the right hand side) is force due to connections with other nodes in the lattice. The second type of force (given by the second summation on the right hand side) is force due to interactions with cells. Note that a cell only exerts force directly on a lattice node if the cell has an I-site that is attached to the node.
Forces exerted by other nodes in the lattice can be classified into two types, those forces resulting from normal links and those resulting from compacted links. Forces exerted from normal links are spring-like in that if the connection is stretched, the force acts in proportion to the stretching. If the connection is compressed however, no force is exerted by a normal link. Compacted links allow for the compaction of collagen and are the result of a non-reversible process. These links differ from normal links in two key ways. First, the spring constant is much stiffer than the spring constant for normal links, making the forces exerted by compacted links much higher than the forces exerted by normal links with equivalent amounts of stretching. Second, compacted links resist compression. The existence of these two types of links are due to the nature of collagen. When the collagen fibrils are pulled, they resist the pulling due to their association with other fibrils. Yet if a cell exerts forces at two points along the same fibril drawing the two points closer, the fibril is not compressed but becomes slack between the two points similar to a rope, i.e., it exhibits microbuckling.
With these two types of links defined, the force due to a lattice connection between node k and node m is defined as: The forces exerted on lattice nodes due to the cell i are defined by:
where x i is the cell center location, y p i,j is a lattice node location, α is the spring constant and is the rest length of the integrin. Here δ(0) = 1 and δ(x) = 0 for any non-zero x and indicates whether the jth I-site of cell i is interacting with node k.
III. RESULTS
It became clear when extending the model to three dimensions that the lattice formulation and connectivity are crucial to the model results. We kept the collagen parameters essentially the same as the two-dimensional model. Only two parameters differ, one is a property of collagen and the other is a property of the cell. The collagen property that differs is the viscous drag on the collagen nodes, The first objective of our work is to match the experimental observations detailed in [1] . The results for lattices with 3,750, 10,000, 30,000, and 100,000 cells per mL, gathered over a period of 40 hours, are shown in Figure 3 . For the numerical simulations, we assume that only fibroblasts exist in the collagen lattice. Note, we do not assume stress dependent attachment mechanisms and stress dependent contraction mechanisms detailed in [1] .
A. Lattice connectivity results
When creating a three-dimensional collagen lattice, the three-dimensional analog of the Delaunay triangulation did not create suitable connectivity between nodes in the collagen lattice. Specifically, there was no guarantee that the nodes would be connected to nodes that were close neighbors. For this reason we developed our own simple algorithm that guarantees that a node is connected to a minimum of M neighbors. There are two key values in our algorithm: first the minimal number of neighbors each node is connected to and second exactly to which neighbors the node is connected. We address these individually.
Both the overall contraction rate as well as the final contraction amount is dependent on the interconnectivity of the collagen lattice. Physically, the greater the number of connections that exist between elements in the collagen lattice, the greater the stiffness of the resulting lattice. Several preliminary calculations were performed to determine approximately the optimal minimal connectivity of the collagen lattice. In these calculations we were interested in determining a connectivity that would approximate the shape of the graph for each of the four experimental cell densities. In Figure 4 , the simulated contraction is plotted against the experimental data. Observe that when the collagen lattice is not stiff (due to low connectivity), those simulations involving high cell densities contract more than they should, and when the collagen lattice is too stiff (that is, the minimal number of connections is too high), the lattice does not contract enough at lower cell densities. In our experiments in silico, we found a minimal connectivity between nodes of 30 connections to be ideal. This is an order of magnitude higher than that found in [9, 10] and 5 times higher than that predicted by Maxwell's criteria for rigidity [8] . In [17] a two-dimensional model with microbuckling (the type of spring-like forces used here) was essential to produce correct force propogation with connectivity between 2 and 8. But for three-dimensional models with microbuckling, they found that a connectivity of 14 gave reasonable results. We therefore checked our model without microbuckling (i.e., true springs which resist compression). The results are shown in Figure 5 . All the parameters are the same except there is no microbuckling, and the connectivity of the lattices are 3, 4, and 6. It is clear that the lattices are more stiff with lower connectivity than the model with microbuckling. Thus a much higher connectivity should be used when microbuckling is assumed.
B. Force propagation distances
In [17] the authors concluded that microbuckling was essential to match experimental data regarding force propagation and to see tethers between cells. Experimental data indicated that force decreased with a rate proportional to r n where r is the distance from the cell and n = −.52. In a threedimensional model, they found connectivities of 3.5 and 14 gave results n = −.82 and n = −.67 respectively. In their paper, the three-dimensional lattice was simulated with a regular grid of nodes connected in a cubic type pattern. Our model, in contrast, models a three-dimensional lattice with nodes in an irregular pattern and connections are randomly chosen as previously explained. For our lattice, we calculated n = −.858 and n = −.267 with minimum connectivities of 6 and 30 respectively. As the connectivity of our lattice increased, the distance the force propagated also increased as was seen in [17] in the presence of microbuckling. Our lattices with a minimum of 30 connections per node propagated force greater distances than in the experimental data. This could be in part due to the sparse number of nodes in our model when compared to the volume of the lattice. In order for the cell attachment sites to attach to lattice nodes in an approximately radially symmetric manner, the attachment sites had to be on the order of 100 microns away from the cell center. The results were obtained by fitting data from 10 different lattices with nonlinear least squares.
C. Direction of cell motion
Prior to determining the appropriate value for the connectivity of the lattice, an important change to the placement of the I-sites occurred as compared to previous models by the authors. In the current model, the direction of placement of the I-site is determined by the velocity of the cell. In prior models, the placement of the I-site was dependent on the prior location of the I-site. Specifically in the current model, when an integrin detaches from the collagen lattice, the current velocity of the cell is determined. The I-site is then located with probability 0.8 in a cone with an opening angle of 4 degrees in the direction of the cell velocity, see Figure 6 . (Initially, each cell is given a random velocity.) This results in directed cell motion. The introduction of the placement of the I-sites in the direction of motion allowed the model to reproduce two important features seen in biological experiments, namely, fibroblast distribution at the end of the simulation and the behavior of the collagen disc in the presence of a radial cut. Moreover adding directed cell motion eliminated the need for the cells to become inactive. In previous work [1] , in order to match the contraction of lattices in time and with different cell densities it was necessary to have the cell become inactive. If the cells remained active they would continue contracting the lattice well beyond what was seen experimentally. Thus it was postulated that a mechanosensing mechanism inactivated the cells. This is no longer assumed.
Cell distribution at the conclusion of the simulation
Experimentalists [18, 21] have observed that as cells contract a collagen lattice, the cells are more concentrated near the boundary of the lattice and the lattice is also more compacted around the edge. Figure 7 shows simulation results for the initial cell distribution on the left and final cell distribution on the right for each cell density. It is easily seen that the cells are more dense near the boundary at the end of the simulations.
In Figure 8 we showcase the effect of undirected integrin placement (on the left) and the mechanosensing rules of the prior paper which inactivate the cells (on the right) in the three-dimensional setting. In both cases, the cells do not appear to be aggregating near the periphery of the lattice unlike the two-dimensional simulations [1] . Additionally, as the lattices contract they do not maintain a nice circular shape as is commonly seen experimentally and in the two-dimensional simulations. In Figure 9 we compare the collagen contraction for the mechanosensing rules to the new rule of directed motion. Again the directed cell motion gives results which more closely match the experimental data.
In order to quantify the aggregation of cells near the periphery, we compare the interior cell density and the boundary cell density at the conclusion of the simulation with 100,000 cells per mL. In particular, we consider the interior of the domain to be the 90% of the domain closest to the center, and the boundary to be the remaining 10% of the domain. We then counted the number of cells in the interior and the number of cells at the boundary for 10 simulation runs with the same initial lattice configuration but different random initial positions for the cells and different instantiations for the random variables for FIG. 7: The initial and final configuration of the lattices are shown for four different densities with the cell center marked as solid circles. The top row is the 3750 cells per mL, the second row 10,000 cells per mL, the third row is 30,000 cells per mL, and the fourth row is 100,000 cells per mL. On the left, the initial configuration is shown and on the right, the configuration is shown after 40 hours. The lattice contraction for 100,000 cells per mL with directed motion, undirected motion, and mechanosensing rules (with tension) compared to the experimental data.
the directed cell motion. The results confirm the same characteristic of the final cell distribution with the cell distribution at the boundary over 14 times more dense than the density in the interior of the domain.
Radial cuts
Experimentally [18] radial cuts are used to determine the presence of residual type stress. When a radial cut is introduced at the beginning of an experiment, only a small angle is initially seen (presumably due to the width of the blade). When cuts are introduced one to five days into the experiment, the observed behavior is that a "Pac-Man"-like shape forms where the angle of the opening is on average about 20 ± 6 degrees [18] . We replicate this experiment by introducing a radial cut and measuring the opening angle as the simulation progresses over 40 hours. Assuming the center of the disc to be located at the origin, we determine the opening angle by calculating, for each collagen node with positive x value, the angle determined by arctan(y/x). We then classify these calculated angles into two categories, those with negative angle values (corresponding to negative y values) and those with positive angle values (corresponding to the nodes with positive y values). Our opening angle is then defined to be min(positive angles)−max(negative angles). In Figure 10 the opening angle, as a function of time, is given for differing cell densities. For cell density of 50,000 cells per mL, 10 simulation runs with the same initial lattice configuration but different random initial positions for the cells and different instantiations for the random variables for the directed cell motion were performed and the average ending angle was 16 degrees, corresponding nicely with the experimental data. Directed cell motion was not only necessary to obtain the approximately correct angle opening measurements, but also necessary to preserve the expected topology of the disc with a radial cut. When the cell motion is undirected, the disc does not maintain the expected circular shape, but instead develops a bulge opposite the radial cut. Moreover, the radial opening develops teeth-like protrusions along the boundary, see Figure 11.
IV. DISCUSSION
We have shown that when changing from a twodimensional model to a three-dimensional model of a fibrous structure like collagen, the construct of the model lattice is crucial to model results. For the two-dimensional model, a Delaunay triangulation worked well, but in order to match contraction data over a period of time for gels with several different cell densities, the model cells needed to become inactive or they would continue contracting the gels beyond what is seen experimentally [1] . When moving to a threedimensional model, the analog of the two-dimensional De-launay triangulation gave strange topology. We changed the topology of the lattice and found that in order to match the previously mentioned data, with almost the same parameters for the collagen properties as the two-dimensional model, the connectivity was much higher than that predicted by theory and other discrete models of collagen [8] [9] [10] which did not include microbuckling. When modeling with spring-like connections which do not resist compression, the connectivity must be much higher in order to match experimental data. To the best of our knowledge, all the connectivity values for collagen are determined by modeling and there is no experimental data for connectivity of collagen lattices.
We also found that with the new formulation of the lattice in three dimensions, the cells do not need to become inactive as in the two-dimensional gels if they exhibit directed motion. In other words, the cells need to be engaged in directed cell motion (the direction does not matter) by placing new attachment sites in the direction of motion. With this assumption, the model results matched the final cell distribution data, the angle in the slit gel experiments, the contraction data, forcedistance propagation data, and the overall morphology of the gels.
In conclusion, we have developed a three-dimensional model which, with reasonable assumptions, replicates the results of several different biological experiments. The model assumes microbuckling, directed cell motion, and the same collagen properties as a similar two-dimensional model. When modeling a three-dimensional lattice with microbuckling, the connectivity results of models with true spring interactions do not apply. Assuming that cells are engaged in directed cell motion gives better results than undirected cell or force-sensing cells which inactivate. Finally, connectivity and lattice generation greatly affect model results and need more systematic investigation.
